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Abstract: We introduce Central McCoy rings, which are a generalization of
McCoy rings and investigate their properties. For a ring R, we prove that R
is right Central McCoy if and only if the polynomial ring R[x] is right Central
McCoy. Also, we give some examples to show that if R is right Central McCoy,
then Mn(R) and Tn(R) are not necessary right Central McCoy, but Dn(R)
and Vn(R) are right Central McCoy, where Dn(R) and Vn(R) are the subrings
of the triangular matrices with constant main diagonal and constant main
diagonals, respectively.
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1 Introduction
Throughout this paper, R denotes an associative ring with identity. For notation
Mn(R), Tn(R), Sn(R), R[x] and C(R) denote, the n × n matrix ring over R, upper
triangular matrix ring over R, diagonal matrix over R, polynomial ring over R and
center of a ring R, respectively. We denote the identity matrix and unit matrices in ring
Mn(R), by In and Eij , respectively. Rege -Chhawchharia [13] called a noncommutative
ring R right McCoy if whenever polynomials f(x) =
∑n
i=0 aix
i, g(x) =
∑m
j=0 bjx
j ∈
1
R[x]\{0} satisfy f(x)g(x) = 0, there exists nonzero elements r ∈ R such that air = 0.
Left McCoy rings are defined similarly. A number of papers have been written on the
McCoy property of ring (see, e. g., [2, 4, 8, 10, 12, 14]). In [12], it is shown that
there exists a left McCoy ring but not right McCoy. The name ”McCoy” was chosen
because McCoy [11] had noted that every commutative ring satisfies this condition.
In [10], it is shown that R is McCoy rings if and only if R[x] is McCoy. In [2], it is
shown that if e is a central idempotent element of R, then R is a right McCoy ring
if and only if eR is a right McCoy ring if and only if (1 − e)R is a right McCoy ring.
Also in [14], it is shown, if there exists the classical right quotient ring Q of a ring R,
then R is right McCoy if and only if Q is right McCoy. Armendariz rings give another
family of McCoy rings. A ring R is called Armendariz [13] if whenever polynomials
f(x) =
∑n
i=0 aix
i, g(x) =
∑m
j=0 bjx
j ∈ R[x]\{0} satisfy f(x)g(x) = 0, then aibj = 0 for
each i and j. Agayev, Gu¨ngo¨glu, Harmonic and Haliciog˘lu [1] called a ring R Central
Armendariz if whenever polynomials f(x) =
∑n
i=0 aix
i, g(x) =
∑m
j=0 bjx
j ∈ R[x] \ {0}
satisfy f(x)g(x) = 0, then aibj ∈ C(R) for all i and j. They showed that the class of
Central Armendariz rings lies strictly between classes of Armendariz rings and abelian
rings (That is every idempotent of it belong to C(R)).
Motivated by the above results, we investigate a generalization of right McCoy rings,
which we call it right Central McCoy. We say that a ring R is right Central McCoy (re-
spectively left Central McCoy) if for each pair of nonzero polynomials f(x) =
∑n
i=0 aix
i,
g(x) =
∑m
j=0 bjx
j ∈ R[x], with f(x)g(x) = 0, then there exists a nonzero element r ∈ R
with air ∈ C(R) (respectively rbj ∈ C(R)). A ring is central McCoy if it is both left
and right Central McCoy. It is clear that McCoy rings are Central McCoy, but the con-
verse is not always true. According to Cohn [6], a ring R is called reversible if ab = 0
implies ba = 0, for a, b ∈ R. A ring R is said to be semicommutative if for all a, b ∈ R
if ab = 0 implies aRb = 0. Clearly, reduced rings are reversible and reversible rings
are also semicommutative. In [12, Theorem 2], Nielsen showed that reversible rings are
McCoy and therefore are Central McCoy. Hence reduced rings are Central McCoy.
2
2 Central McCoy Rings
We start this section by the following definition:
Definition 2.1. A ring R is said to be right Central McCoy (respectively left Central
McCoy) if for each pair of nonzero polynomials f(x) =
∑n
i=0 aix
i, g(x) =
∑m
j=0 bjx
j ∈
R[x]\{0}, with f(x)g(x) = 0, then there exists a nonzero element r ∈ R with air ∈ C(R)
(respectively rbj ∈ C(R)). A ring R is called Central McCoy if it is both left and right
Central McCoy.
It is clear that right (resp. left) McCoy rings are right (resp. left) Central McCoy,
but the converse is not always true by the following example.
Example 2.2. Let K be a field and K < x, y, z > be the free algebra with noncommuting
indeterminates x, y, z over K. Set R be the factor ring of K < x, y, z > with relations
x2 = yx = x , z2 = 0 , y2 = xy = y , zx = xz = yz = zy = z
We coincide {x, y, z} with their images in R, for simplicity. Consider the subring of
R generated by {α, x, y, z|α ∈ K}, say S. Then every element of S is of the form,
α1 + α2x + α3y + α4z with αi’s in the field K. By the construction of S, we have
(x+yt)((1−x)+(1−y)t) = 0 while x+yt and (1−x)+(1−y)t are nonzero polynomials
over S. Assume (x+ yt)(α1+α2x+α3y+α4z) = 0. Then x(α1+α2x+α3y+α4z) =
α1x + α2x + α3y + α4z = 0 implies α3 = α4 = 0 and y(α1 + α2x) = α1y + α2x = 0
implies α1 = α2 = 0. Thus S can not be right McCoy.
Next we show that S is right Central McCoy. Let f(t) =
∑n
i=0(α1i+α2ix+α3iy+α4iz)t
i
and g(t) =
∑m
j=0(β1j+β2jx+β3jy+β4jz)t
j be nonzero in S[t] with f(t)g(t) = 0. Then
(α1i+α2ix+α3iy+α4iz)z = (α1i+α2i+α3i)z ∈ C(S), since (α1i+α2i+α3i)z(α1+α2x+
α3y+α4z) = (α1i+α2i+α3i)(α1+α2+α3)z = (α1+α2x+α3y+α4z)(α1i+α2i+α3i)z
for each (α1 + α2x+ α3y + α4z) ∈ S.
The following example shows that, Central McCoy condition is not left-right sym-
metric.
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Example 2.3. Let K be a field and A = K < a0, b0, a1, b1 > be the free algebra by the
noncommuting indeterminates a0, b0, a1, b1. Let I be the ideal of A generated by
a0b0, a0b1 + a1b0, a1b1, bsbt
for s, t ∈ {0, 1} and let R = A/I. We identify ai and bj with their images in R for
simplicity. By the construction of R, we have (a0+a1x)(b0+b1x) = 0 while a0+a1x and
a0 + a1x are nonzero polynomials over R. Assume by way of contradiction that there
exists 0 6= r ∈ R such that a0r, a1r ∈ C(R). Therefore, a0rb0 = b0a0r. A computation
using the reduced forms for elements in R shows that a0r = 0 = a1r, which quickly
implies r = 0, a contradiction. This yields that R is not right Central McCoy.
Next we show that R is a left Central McCoy. Let f(x) and g(x) be nonzero in R[x]
with f(x)g(x) = 0. Then bjg(x) = 0 ∈ C(R)[x] for j = 0, 1, by [5, Example 2]. Thus
R is left Central McCoy.
Now, we get some of the basic properties of central McCoy rings.
Proposition 2.4. Let Rk be a ring, where k ∈ I. Then Rk is right (resp. left) Central
McCoy for each k ∈ I if and only if R =
∏
k∈I Rk is right (resp. left) Central McCoy.
Proof. Let each Rk be a right Central McCoy ring and f(x) =
∑m
i=0 aix
i, g(x) =
∑n
j=0 bjx
j ∈ R[x] \ {0} such that f(x)g(x) = 0, where ai = (a
(k)
i ), bj = (b
(k)
j ). If
there exists t ∈ I such that a
(t)
i = 0 for each 0 ≤ i ≤ m, then we have aic = 0 ∈ C(R)
where c = (0, 0, . . . , 1Rt , 0, . . . , 0). Now suppose for each k ∈ I, there exists 0 ≤ ik ≤ m
such that a
(k)
ik
6= 0. Since g(x) 6= 0, there exists t ∈ I and 0 ≤ jt ≤ n such that
b
(t)
jt
6= 0. Consider ft(x) =
∑m
i=0 a
(t)
i x
i and gt(x) =
∑n
i=0 b
(t)
j x
j ∈ Rt[x] \ {0}. We have
ft(x)gt(x) = 0. Thus there exists nonzero ct ∈ Rt such that a
(t)
i ct ∈ C(Rt), for each
0 ≤ i ≤ m, since Rt is right Central McCoy ring. Therefore aic ∈ C(R), for each
0 ≤ i ≤ m, where c = (0, . . . , 0, ct, 0, . . . , 0) and so R is right Central McCoy.
Conversely, suppose R is right Central McCoy and t ∈ I. Let f(x) =
∑m
i=0 aix
i, g(x) =
4
∑n
j=0 bjx
j be nonzero polynomials in Rt[x] such that f(x)g(x) = 0. Let
F (x) =
m∑
i=0
(0, 0, . . . , 0, ai, 0, . . . , 0)x
i, G(x) =
n∑
j=0
(0, 0, . . . , 0, bj , 0, . . . , 0)x
j ∈ R[x]\{0}.
Hence F (x)G(x) = 0 and so there exists 0 6= c = (c1, c2, . . . , , ct−1, ct, ct+1, . . . , cm−1, cm)
such that (0, 0, . . . , 0, ai, 0, . . . , 0)c ∈ C(R). Therefore, aict ∈ C(Rt) and so Rt is right
Central McCoy.
Corollary 2.5. Let D be a ring and C a subring of D with 1D ∈ C. Let
R(C,D) = {(d1, . . . , dn, c, c, . . .) | di ∈ D, c ∈ C,n ≥ 1}
with addition and multiplication defined component-wise, R(D,C) is a ring. Then D
is right (resp. left) Central McCoy if and only if R(D,C) is right (resp. left) Central
McCoy.
Theorem 2.6. For a ring R, R[x] is right (resp. left) Central McCoy if and only if R
is right (resp. left) Central McCoy.
Proof. Suppose that R is right Central McCoy. Let R[x][t] denote the polynomial ring
with an indeterminate t over R[x]. Let f(t)g(t) = 0 for nonzero polynomial f(t) =
∑m
i=0 fi(x)t
i , g(t) =
∑n
j=0 gj(x)t
j ∈ R[x][t]. Let k =
∑m
i=0 degfi(x) +
∑n
j=0 deggj(x).
The degree of the zero polynomial is taken to be zero. Let F (x) = f0 + f1x
k +
. . . + fmx
km, G(x) = g0 + g1x
k + . . . + gnx
kn ∈ R[x] \ {0}. So F (x)G(x) = 0 since
f(t)g(t) = 0. Then there exists c 6= 0 ∈ R such that aic ∈ C(R) for all 0 ≤ i ≤ m, and
so fi(x)c ∈ C(R[x]).
Conversely, suppose that R[x] is right Central McCoy. Let f(x)g(x) = 0 for nonzero
polynomial f(x) =
∑n
i=1 aix
i and g(x) =
∑m
j=1 bjx
j ∈ R[x]\{0}. Suppose f(t) and g(t)
is constant polynomial in R[x][t] such that f(t)g(t) = 0. Then there exists 0 6= c(x) =
c0 + c1x+ ... + ckx
k ∈ R[x] such that f(t)c(x) ∈ C(R[x]). So aic(x) ∈ C(R[x]). Since
c(x) is a nonzero element, then at least one of the ci’ is nonzero element, for example
ct. So aict ∈ C(R). Therefore R is right Central McCoy.
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Proposition 2.7. Let R be a ring and e a central idempotent element of R. Then R is
a right (resp. left) Central McCoy ring if and only if eR is a right (resp. left) Central
McCoy ring if and only if (1− e)R is right (resp. left) Central McCoy.
Proof. Assume that R is a right Central McCoy ring and consider f(x) =
∑n
i=0 eaix
i,
g(x) =
∑m
j=0 ebjx
j ∈ eR[x]\{0} ⊆ R such that f(x)g(x) = 0. Since R is a right Central
McCoy ring, there exists s ∈ R such that (eai)s ∈ C(R). So (eai)sr = r(eai)s, for any
r ∈ R. Therefore ((eai)(es))(er) = er(eai)(es)). So (eai)(es) ∈ C(eR). Hence eR is
right Central McCoy. Similarly, we prove that (1− e)R is a right Central McCoy ring.
Conversely, assume that eR is a right Central McCoy ring. Consider f(x) =
∑n
i=0 aix
i,
g(x) =
∑m
j=0 bjx
j ∈ R[x]\{0} such that f(x)g(x) = 0. Clearly ef(x), eg(x) ∈ eR[x] and
(ef(x))(eg(x)) = e2f(x)g(x) = ef(x)g(x) = 0, since e is a central idempotent element
of R. Then there exists s ∈ eR such that (eai)s ∈ C(eR). So (eai)ser = er(eai)s, for
any r ∈ R. Therefore (aise)r = r(aies). So ais ∈ C(R). Hence, R is right Central
McCoy. Similarly, this fact is satisfied if (1− e)R is a right Central McCoy ring.
The following example shows that, if R is a right Central McCoy ring, then Mn(R)
and Tn(R) are not necessary right Central McCoy.
Example 2.8. Let R be a commutative ring, then R is right Central McCoy ring. Let
f(x) = E12+E11x, g(x) = E12−E22x ∈ (M2(R))[x]. Then f(x)g(x) = 0. If there exists
P =
∑2
i=1
∑2
j=1 PijEij ∈M2(R) such that f(x)P ∈ C(M2(R)), then E12P = P21E11+
P22E12 ∈ C(M2(R)). Therefore, (P21E11 + P22E12)E12 = E12(P21E11 + P22E12) and
so P21 = 0. Also (P21E11 + P22E12)E22 = E22(P21E11 + P22E12) and so P22 = 0.
Similarly, P11 = P12 = 0. Therefore P = 0. By choosing f(x) and g(x) the same as
above and by similar argument, we can show that T2(R) is not right Central McCoy.
Theorem 2.9. For a ring R, we have R is right (resp. left) Central McCoy if and
only if one of the following holds:
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(1) Dn(R) =
{


a a12 a13 . . . a1n
0 a a23 . . . a2n
0 0 a . . . a3n
...
...
...
. . .
...
0 0 0 . . . a


|a, aij ∈ R
}
is right (resp. left) Central
McCoy for any n ≥ 1.
(2) Vn(R) =
{


a1 a2 a3 a4 . . . an
0 a1 a2 a3 . . . an−1
0 0 a1 a2 . . . an−2
...
...
...
... . . .
...
0 0 0 0 . . . a2
0 0 0 0 . . . a1


|a1, a2, ..., an ∈ R
}
∼=
R[x]
(xn) is right
(resp. left) Central McCoy for any n ≥ 1, where (xn) is a two- sided ideal of R[x]
generated by xn.
Proof. (1) Let F (x) =
∑p
i=0Aix
i, G(x) =
∑q
j=0Bjx
j ∈ Dn(R)[x] where,
Ai =


ai a
i
12 . . . a
i
1n
0 ai . . . a
i
2n
...
...
. . .
...
0 0 . . . ai


, Bj =


bj b
j
12 . . . b
j
1n
0 bj . . . b
j
2n
...
...
. . .
...
0 0 . . . bj


Then
F (x) =


f(x) f12(x) . . . f1n(x)
0 f(x) . . . f2n(x)
...
...
. . .
...
0 0 . . . f(x)


, G(x) =


g(x) g12(x) . . . g1n(x)
0 g(x) . . . g2n(x)
...
...
. . .
...
0 0 . . . g(x)


where f(x) =
∑p
i=0 aix
i, fkl(x) =
∑p
i=0 a
i
klx
i, g(x) =
∑q
j=0 bjx
j and gkl(x) =
∑q
j=0 b
j
kl
xj
for any k = 1, 2, ..., n, l = 2, 3, ..., n and k < l. Suppose F (x)G(x) = 0, and F (x), G(x) 6=
0. Set H(x) = F (x)G(x) = (hpq(x)) for p, q = 1, 2, ..., n.
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CASE 1. If f(x) 6= 0, g(x) 6= 0, then h11(x) = f(x)g(x) = 0. Since R is right Cen-
tral McCoy there exists r ∈ R \ {0} such that air ∈ C(R). Let A = rE1n. Then
AiC ∈ C(Dn(R)).
CASE 2. If f(x) 6= 0 and g(x) = 0, then there exists gkl(x) 6= 0, such that g(k+u)l(x) = 0
for some k, l, and 1 ≤ u ≤ n − k, since G(x) 6= 0. So hkl(x) = f(x)gkl(x) = 0. Hence
there exists r ∈ R \ {0} such that air ∈ C(R). Let A = rE1n. Then AiA ∈ C(Dn(R)).
CASE 3. If f(x) = 0, then clearly AiA = 0, where A = E1n. Thus Dn(R) is right
Central McCoy.
Conversely, assume that f(x)g(x) = 0 , where f(x) =
∑n
i=0 aix
i, g(x) =
∑m
j=0 bjx
j are
nonzero polynomial of R[x]. Let F (x) =
∑n
i=0Aix
i , G(x) =
∑m
j=0Bjx
j , where
Ai =


ai ai . . . ai
0 ai . . . ai
...
...
. . .
...
0 0 . . . ai


, Bj =


bj bj . . . bj
0 bj . . . bj
...
...
. . .
...
0 0 . . . bj


for any i = 0, 1, ..., n, j = 0, 1, ...,m. Then
F (x)G(x) =


f(x) f(x) . . . f(x)
0 f(x) . . . f(x)
...
...
. . .
...
0 0 . . . f(x)




g(x) g(x) . . . g(x)
0 g(x) . . . g(x)
...
...
. . .
...
0 0 . . . g(x)


= 0.
Hence there exists A=


s s12 . . . s1n
0 s . . . s2n
...
...
. . .
...
0 0 . . . s


∈ Dn(R)\{0} such that AiA ∈ C(Dn(R)),
since Dn(R) is right Central McCoy. If s 6= 0, then ais ∈ C(R). If s = 0, then there
exists sij 6= 0 for some i, j, such that si+v,j = 0 for any 1 ≤ v ≤ n − i. We also have
aisij ∈ C(R). Thus, R is right Central McCoy.
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(2) The proof is similar to (1).
Remark 2.10. It is natural to ask whether R is a right (resp. left) Central McCoy ring
if for any nonzero proper ideal I of R, R/I and I are right (resp. left) Central McCoy,
where I is considered as a right (resp. left) Central McCoy ring without identity.
However, we have a negative answer to this question by the following example:
Example 2.11. Let F be a field and consider R=T2(F ), which is not right Central
McCoy by Example 2.8. But by [8, Example 3.2] R/I and I are McCoy and therefore
are Central McCoy.
Let S denote a multiplicatively closed subset of a ring R consisting of central regular
elements. Let RS−1 be the localization of R at S. Then we have:
Theorem 2.12. A ring R is right (resp. left) Central McCoy if and only if RS−1 is
right (resp. left) Central McCoy.
Proof. Suppose that R is right Central McCoy. Let f(x) =
∑n
i=0 ais
−1
i x
i and g(x) =
∑m
j=0 bjt
−1
j x
j ∈ (RS−1)[x] \ {0} such that f(x)g(x) = 0. Then we may find u, v, ci
and dj ∈ S such that uf(x) =
∑n
i=0 aicix
i , vg(x) =
∑m
j=0 bjdjx
j ∈ R[x] and
(uf(x))(vg(x)) = 0. By supposition, there exists r ∈ R such that aicir ∈ C(R).
Equvalently, aicirt = taicir, for any t ∈ R . Therefore airt = tair. So air ∈ C(R).
Therefore ais
−1
i r ∈ C(RS
−1). Thus RS−1 is right Central McCoy.
Conversely, assume that RS−1 is right Central McCoy. Let f(x) =
∑n
i=0 aix
i and
g(x) =
∑m
j=0 bjx
j ∈ R[x] \ {0} such that f(x)g(x) = 0. Then there exists rs−1 ∈
RS−1 such that airs
−1 ∈ C(RS−1), since RS−1 is right Central McCoy. Equva-
lently, airs
−1hp−1 = hp−1airs
−1, for any hp−1 ∈ S−1R . Therefore, airh = hair.
So air ∈ C(R). Thus R is right Central McCoy.
Corollary 2.13. For a ring R, the following are equivalent:
(1) R is right (resp. left) Central McCoy ring
(2) R[x] is right (resp. left) Central McCoy ring
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(3) R[x, x−1] is right (resp. left) Central McCoy ring
(4) R[x](xn) is right (resp. left) Central McCoy ring
(5) R[{xα}] is right (resp. left) Central McCoy ring, where {xα} is any set of commut-
ing indeterminates over R.
Proof. (1)⇔ (2) is due to Theorem 2.6 and (1)⇔ (4) is by Theorem 2.9. (1)⇒ (5). Let
F (y), G(y) ∈ R[{xα}][y] with G(y)F (y) = 0. Then F (y), G(y) ∈ R[xα1 , xα2 , ..., xαn ][y]
for some finite subset {xα1 , xα2 , ..., xαn} ⊆ {xα}. Following ”(1) ⇒ (2)” and by in-
duction, the ring R[xα1 , xα2 , ..., xαn ] is right Central McCoy, so there exists nonzero
h1 ∈ R[xα1 , xα2 , ..., xαn ] ⊆ R[{xα}] such that F (y)h1 = 0. Hence, R[{xα}] is right
Central McCoy.
(5)⇒ (1) is similar to ”(2)⇒ (1)”.
(2)⇔ (3) Let S = 1, x, x2, .... Then clearly S is multiplicatively closed subset of R[x]
consisting entirely of central regular elements. Since R[x, x−1] = R[x]S−1, R[x, x−1] is
right central McCoy if and only if R[x] is right Central McCoy by Theorem 2.12.
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